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The gravity dual of supersymmetric gauge theories on a squashed five-sphere
Luis F. Alday, Martin Fluder, Paul Richmond and James Sparks∗
Mathematical Institute, University of Oxford, Woodstock Road, Oxford, OX2 6GG, UK
We present the gravity dual of large N supersymmetric gauge theories on a squashed five-sphere.
The one-parameter family of solutions is constructed in Euclidean Romans F (4) gauged supergravity
in six dimensions, and uplifts to massive type IIA supergravity. By renormalizing the theory with
appropriate counterterms we evaluate the renormalized on-shell action for the solutions. We also
evaluate the large N limit of the gauge theory partition function, and find precise agreement.
I. SUPERSYMMETRIC GAUGE THEORIES ON
A SQUASHED FIVE-SPHERE
In [1] supersymmetric gauge theories with general mat-
ter content were defined on the SU(3)×U(1) symmetric
squashed five-sphere. The background metric is
ds25 =
1
s2
(dτ + C)2 + dσ2 +
1
4
sin2 σ(dθ2 + sin2 θdϕ2)
+
1
4
cos2 σ sin2 σ(dψ + cos θdϕ)2 , (1)
where C = − 12 sin2 σ(dψ+cos θdϕ) and s is the squashing
parameter. The round sphere corresponds to s = 1. The
theory preserves 3/4 of the supersymmetry of the round
sphere, provided one turns on a background SU(2)R
gauge field
AR =
(1 +
√
1− s2)√1− s2
s2
(dτ + C) , (2)
where we have embedded U(1)R ⊂ SU(2)R. The back-
ground then admits a Killing spinor that solves the
Killing spinor equation in [1] and transforms in the 3
of SU(3). The perturbative partition function of the
gauge theories was computed in [2] (see also [3]) and the
final formula involves triple sine functions, generalizing
the double sine functions that appear for squashed three-
spheres [4].
A particular class of five-dimensional gauge theories,
with gauge group USp(2N) and arising from a D4−D8-
system, is expected to have a largeN description in terms
of massive type IIA supergravity [5, 6]. In [7] the large
N limit of the partition function of these theories on the
round sphere was computed and successfully compared to
the entanglement entropy of the dual warped AdS6 × S4
supergravity solution.
One can compute the large N limit of the USp(2N)
gauge theory partition function Zs for the squashed back-
ground (1), (2). The corresponding free energy Fs =
− logZs is given by
Fs = 1
27s2
(
3−√1− s2)3
1−√1− s2 F1 . (3)
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Here F1 is the free energy on the round sphere, which
scales as N5/2 [6, 7]. The computation of (3) involves
asymptotic expansions of the triple sine function and
standard large N matrix model techniques, and details
will appear in [8]. Similarly, we have computed the large
N limit of the VEV of a BPS Wilson loop wrapping the
τ circle at σ = 0, finding
log 〈W 〉s = 3−
√
1− s2
3(1 +
√
1− s2) log 〈W 〉1 , (4)
where log 〈W 〉1 scales as N1/2 [9].
In the remainder of this letter we will reproduce (3)
and (4) from a dual supergravity computation.
II. EUCLIDEAN ROMANS SUPERGRAVITY
In order to find supergravity duals of the above theo-
ries put on general background five-manifolds it is natural
to work in the six-dimensional Romans F (4) supergrav-
ity theory [10]. The key here is that, as shown in [11],
the Romans theory is a consistent truncation of massive
type IIA supergravity on S4. In particular, the AdS6
vacuum uplifts to the warped AdS6 × S4 solution men-
tioned above, relevant for the round five-sphere. The
bosonic fields consist of the metric, a dilaton φ, a two-
form potential B, a one-form potential A, together with
an SO(3) ∼ SU(2) gauge field Ai, i = 1, 2, 3. It is con-
venient to introduce the scalar field X ≡ exp(−φ/2√2),
and define the field strengths H = dB, F = dA + 23B,
F i = dAi− 12ǫijkAj∧Ak, where without loss of generality
we have set the gauge coupling to 1.
The equations of motion for the Romans theory in
Lorentz signature appear in [10, 11]. However, in or-
der to compute the holographic free energy we will work
in Euclidean signature. This Wick rotation is not en-
tirely straightforward due to Chern-Simons-type cou-
plings. The Euclidean equations of motion are [8]
d
(
X4 ∗H) = i2F ∧ F + i2F i ∧ F i + 23X−2 ∗ F ,
d(X−2 ∗ F ) = −iF ∧H ,
D(X−2 ∗ F i) = −iF i ∧H ,
d
(
X−1 ∗ dX) = − (16X−6 − 23X−2 + 12X2) ∗ 1
− 18X−2
(
F ∧ ∗F + F i ∧ ∗F i)
+ 14X
4H ∧ ∗H . (5)
2Here Dωi = dωi − ǫijkAj ∧ ωk is the SO(3) covariant
derivative. Finally, the Einstein equation is
Rµν = 4X
−2∂µX∂νX +
(
1
18X
−6 − 23X−2 − 12X2
)
gµν
+ 14X
4
(
H2µν − 16H2gµν
)
+ 12X
−2
(
F 2µν − 18F 2gµν
)
+ 12X
−2
(
(F i)2µν − 18 (F i)2gµν
)
, (6)
where F 2µν = FµρFν
ρ, H2µν = HµρσH
ρσ
ν .
A solution to the above equations of motion is super-
symmetric provided the Killing spinor equation and di-
latino equation hold [8]:
DµǫI =
i
4
√
2
(X + 13X
−3)γµγ7ǫI − 1
48
X2Hνρσγνρσγµγ7ǫI
− i
16
√
2
X−1Fνρ(γµ
νρ − 6δµνγρ)ǫI
+
1
16
√
2
X−1F iνρ(γµ
νρ − 6δµνγρ)γ7(σi)IJ ǫJ , (7)
0 = −iX−1∂µXγµǫI + 1
2
√
2
(
X −X−3) γ7ǫI
+
i
24
X2Hµνργ
µνργ7ǫI − 1
8
√
2
X−1Fµνγ
µνǫI
− i
8
√
2
X−1F iµνγ
µνγ7(σ
i)I
J ǫJ . (8)
Here ǫI , I = 1, 2, are two Dirac spinors, γµ generate
the Clifford algebra Cliff(6, 0) in an orthonormal frame,
and we have defined the chirality operator γ7 = iγ123456,
which satisfies γ27 = 1. The SO(3) ∼ SU(2) gauge field
Ai is an R-symmetry gauge field, with the spinor ǫI
transforming in the two-dimensional representation via
the Pauli matrices (σi)I
J . Thus the covariant derivative
acting on the spinor is DµǫI = ∇µǫI + i2Aiµ(σi)IJǫJ .
The theory possesses a gauge invariance A→ A+ 23λ,
B → B−dλ, where λ is any one-form. Using this freedom
we fix the gauge A = 0, leaving F = 23B: the B-field
“eats” the U(1) gauge field A in a Higgs-like mechanism.
III. THE SOLUTION
The squashed five-sphere background of section I has
SU(3) × U(1) symmetry. One expects this symmetry
to be preserved by the bulk solution. This leads to the
following ansatz for the supergravity fields
ds26 = α
2(r)dr2 + γ2(r)(dτ + C)2 + β2(r)
[
dσ2
+
1
4
sin2 σ(dθ2 + sin2 θdϕ2)
+
1
4
cos2 σ sin2 σ(dψ + cos θdϕ)2
]
,
B = p(r)dr ∧ (dτ + C) + 1
2
q(r)dC ,
Ai = f i(r)(dτ + C) , (9)
where also X = X(r). We have constructed a smooth,
supersymmetric, asymptotically locally Euclidean AdS
solution to the equations in section II, which has as con-
formal boundary the squashed five-sphere background
of section I. The function β(r) can be set to its AdS6
value by using reparametrization invariance, β(r) =
3
√
6r2 − 1/√2. Furthermore, we have performed an
SO(3) ∼ SU(2) rotation so as to set f1(r) = f2(r) = 0,
and renamed f3(r) ≡ f(r). Even though we are not able
to give a closed expression for the solution, it is possible
to give it as an expansion around different limits.
A. Expansion around the conformal boundary
Finding the gravity dual to a theory on a prescribed
conformal boundary may be regarded as a filling prob-
lem in supergravity. As such, it is natural to solve the
supergravity equations order by order in an expansion
around the boundary at r =∞. We have computed this
expansion up to order O(1/r9). The first terms are given
by
α(r) =
3√
2
1
r
+
8 + s2
36
√
2s2
1
r3
+ . . . , γ(r) =
3
√
3
s
r +
−16 + 7s2
12
√
3s3
1
r
− −1280 + 1120s
2 + 241s4
2592
√
3s5
1
r3
+ . . . ,
X(r) = 1 +
1− s2 − 3√1− s2
54s2
1
r2
+
s2
√
1− s2κ
12
(
1− s2 +√1− s2) 1r3 + . . . ,
p(r) = −
i
√
2
3
(
s2 + 3
√
1− s2 − 1)
s3
1
r2
+ . . . , q(r) = −3i
(√
6
√
1− s2)
s
r +
√
2
3 i
√
1− s2 (5s2 + 9√1− s2 − 5)
3s3
1
r
+ . . . ,
f(r) =
1− s2 +√1− s2
s2
+
2
(−2 + 2s2 − (2 + s2)√1− s2)
9s4
1
r2
+
κ
r3
+ . . . . (10)
Notice that the squashing parameter s arises as the
boundary value limr→∞ γ(r)/3
√
3r = s−1. In the limit
s = 1 the solution collapses to Euclidean AdS6. The
whole solution depends on the single parameter s. The
extra parameter κ is fixed by requiring a non-singular so-
lution at the origin r = 1/
√
6. Alternatively, this can be
3computed as an expansion, as is done at the end of next
subsection.
B. Expansion around Euclidean AdS6
The solution presented in this letter is continuously
connected to Euclidean AdS6. Hence it can be given as
a perturbation around this background. It is convenient
to use the real expansion parameter δ, related to the
squashing parameter by
1
s = 1 + δ
2 . (11)
We have explicitly computed the solution up to sixth
order in δ. At leading order we find
α(r) =
3
√
3√
6r2 − 1 +
(−5√6 + 330√6r2 − 3744r3 + 1620√6r4 + 8640r5 − 7560√6r6 + 5184√6r8)
9
√
2r2 (6r2 − 1)9/2
δ2 + . . . ,
γ(r) =
3
√
6r2 − 1√
2
−
(
55
√
2− 384√3r + 1080√2r2 + 768√3r3 − 5400√2r4 + 11232√2r6 − 11664√2r8)
6 (6r2 − 1)7/2
δ2 + . . . ,
X(r) = 1−
(√
2
(
1− 2√6r + 6r2))
3 (6r2 − 1)2 δ + . . . , q(r) = −
3i
√
2
(−4 + 9√6r − 24r2 − 12√6r3 + 36√6r5) δ
(6r2 − 1)2 + . . . ,
p(r) =
18i
√
2
(√
6− 16r + 12√6r2 − 12√6r4)
(6r2 − 1)3 δ + . . . , f(r) =
√
2
(−3 + 8√6r − 36r2 + 36r4)
(6r2 − 1)2 δ + . . . , (12)
One can explicitly check that each term of the solution
above is non-singular at the origin r = 1/
√
6, giving a
regular solution on a manifold M6 with the topology of
a six-ball. By comparing the two expansions we find
3
√
3
4
κ = δ+
√
2
3
δ2+
113
36
δ3+
25
9
√
2
δ4+
1127
288
δ5+
35
9
√
2
δ6+...
(13)
which is used in evaluating the on-shell action below.
IV. COMPARISON
The bulk supergravity action of the Romans theory, in
Euclidean signature in the gauge A = 0, is
Sbulk = − 1
16πGN
∫
M6
[
R ∗ 1− 4X−2dX ∧ ∗dX
− (29X−6 − 83X−2 − 2X2) ∗ 1
− 12X−2
(
4
9B ∧ ∗B + F i ∧ ∗F i
)− 12X4H ∧ ∗H
−iB ∧ ( 227B ∧B + 12F i ∧ F i)] . (14)
Here GN is the six-dimensional Newton constant. More
precisely, we should cut off the manifoldM6 at some large
constant radius r = ρ, and include the Gibbons-Hawking
boundary term
SGH = − 1
8πGN
∫
∂M6
K
√
deth d5x , (15)
where hij is the induced metric on the boundary ∂M6 =
{r = ρ} ∼= S5, and K denotes the trace of the second
fundamental form. The total action is divergent as one
sends ρ→∞, but may be regularized using holographic
renormalization techniques. This leads to the following
boundary counterterms [8]
Sct =
1
8πGN
∫
∂M6
{[4√2
3
+
1
2
√
2
R(h)− 1
6
√
2
‖B‖2h
+
3
4
√
2
R(h)ijR(h)
ij − 15
64
√
2
R(h)2 − 3
4
√
2
‖F i‖2h
+
1
12
√
2
TrhB
4 +
5
8
√
2
‖d ∗h B + i
√
2
3
B ∧B‖2h
− 1
4
√
2
〈B, dδhB + i
√
2
3
d ∗h B ∧B〉h − 1√
2
‖dB‖2h
+
4
√
2
3
(1−X)2 − 1√
2
〈Ric(h) ◦B,B〉h
+
9
32
√
2
R(h)‖B‖2h −
13
192
√
2
‖B‖4h
]√
dethd5x
− 1
4
√
2
B ∧ [d ∗h dB +
√
2i
3
B ∧ δhB
−2
9
B ∧ ∗h(B ∧B)
]}
. (16)
Here Ric(h)ij = R(h)ij denotes the Ricci tensor of the
metric hij , with R(h) the Ricci scalar. The inner product
of two p-forms ν1, ν2 is defined by 〈ν1, ν2〉h
√
deth d5x =
ν1 ∧ ∗hν2, which then also defines the square norm via
‖ν‖2h = 〈ν, ν〉h. The adjoint δh of d with respect to hij
acting on the two-form B is δhB = ∗hd∗hB, and we have
also defined TrhB
4 ≡ B ji B kj B lk B il . Finally, we have
defined the p-form (S ◦ ν)i1···ip ≡ S[i1jν|j|i2···ip], where
Sij is any symmetric 2-tensor, and ν is any p-form.
Adding the contributions and taking the cut-off to in-
4finity we obtain
Sbulk + SGH + Sct = −27π
2
4GN
(
1 +
8
3
δ2 +
16
√
2
27
δ3 +
68
27
δ4
+
28
√
2
27
δ5 +
32
27
δ6 + . . .
)
. (17)
This should be identified with the holographic free en-
ergy. Recalling that s−1 = 1 + δ2, this precisely agrees
with (3) to sixth order in δ. It should be straightforward
to extend this agreement to higher orders.
The BPSWilson loop (4) maps to a fundamental string
in type IIA, at the “pole” of the internal S4 [9]. The
string wraps the surface Σ spanned by the τ and r direc-
tions at σ = 0. The renormalized string action is
Sstring =
∫
Σ
[
X−2
√
det γ d2x+ iB
]
− 3√
2
length(∂Σ) ,
(18)
where γab is the induced metric and the second term is a
boundary counterterm. We may evaluate this up to sixth
order in δ for our solution to obtain
Sstring =
(
1− 4
√
2δ
3
+
8δ2
3
− 5
√
2δ3
3
+
4δ4
3
− 7δ
5
12
√
2
+ 0 δ6 + . . .
)
Sstring |δ=0 , (19)
which precisely matches (4).
V. A CONJECTURE
A supersymmetric solution admits an SU(2) doublet
of Killing spinors ǫI . Provided the Killing spinor satisfies
a symplectic Majorana condition Cǫ∗I = ε JI ǫJ , where C is
the charge conjugation matrix (C−1γµC = γ∗µ), it can be
shown [8] that
Kµ = ε
IJǫTI CγµǫJ (20)
is a real Killing vector. For our solution the Killing spinor
has 3 integration constants, corresponding to the fact
that it is 3/4 BPS, and for an appropriate choice of the
Killing spinor in (20) we obtain
K = b1∂ϕ1 + b2∂ϕ2 + b3∂ϕ3 , (21)
where
b1 = 1 +
√
1− s2, b2 = b3 = 1−
√
1− s2 , (22)
and ϕ1, ϕ2, ϕ3 are the standard 2π periodic azimuthal
variables ϕ1 = −τ , ϕ2 = τ− 12 (ψ+ϕ), ϕ3 = τ− 12 (ψ − ϕ),
embedding S5 ⊂ R2 ⊕ R2 ⊕ R2. Note that the large N
free energy (3) can then be written as
F = (b1 + b2 + b3)
3
27b1b2b3
Fround . (23)
It is then natural to conjecture
1. For any supersymmetric supergravity solution with
the topology of the six-ball, with at least U(1)3 isom-
etry, and for which the Killing vector (20) takes the
form (21), the holographic free energy is equal to (23).
2. If we define a supersymmetric gauge theory on the
conformal boundary of the background in point 1, the
finite N partition function depends only on b1, b2, b3.
These conjectures extend to 5d/6d the results proven for
the analogous 3d/4d context in [12, 13]. Conjecture 1
also extends to the BPS Wilson loop wrapping ϕi, at the
origin of the perpendicular R4. In this case log 〈W 〉s =
(b1+b2+b3)
3bi
log 〈W 〉1.
In [8] we construct further families of supersymmet-
ric backgrounds satisfying the conditions of point 1 and
verify the conjecture for these cases. These include a su-
persymmetric solution with the SU(2) gauge field turned
off, with a squashing parameter but for which bi = 1. For
this case the free energy does not depend on the squash-
ing parameter, in full agreement with conjecture 1.
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